Recently it has been suggested that an increase in the fine structure constant α with time would decrease the entropy of a Reissner-Nordstrom black hole, thereby violating the second law of thermodynamics. In this note we point out that, at least for a class of charged dilaton black hole related to string theory, the entropy does not change under adiabatic variations of α and is expected to increase for non-adiabatic changes.
Motivated by recent claims [1] that the fine structure constant could have been increasing with time, Davies et al [2] made the observation that such an increase should lead to a decrease in the entropy of a Reissner-Nordstrom black hole, thereby apparently violating the second law of thermodynamics.
1 (For related work on this topic see [4] ). In this letter we aim to show that the entropy is not changed by slow i.e. adiabatic variations of α in theories where the gauge couplings are set by the expectation values of scalar fields, such as string theories. We then go on to show why we expect the entropy of black holes in such theories to always increase for non-adiabatic changes in the scalar fields.
Let us first review the argument of Davies et al. The entropy of a ReissnerNordstrom black hole of ADM mass M and electric charged Q, in units in which c = = G = 1 is given by
(1) * E-mail: mfairbai@ulb.ac.be † E-mail: mtytgat@ulb.ac.be 1 They actually argued that α could increase either because e, the electric charge, is increasing or because c, the speed of light, is decreasing and that the change in the entropy of charged black hole might allow one to discriminate between these seemingly inequivalent situations. We choose not to contribute to that aspect of the debate here. See [3] .
where A is the area of the black hole horizon. Since Q is quantized in units of the electric charge e, an increase in α = e 2 appears to lead to a decrease in the entropy of the black hole (all other things being kept constant).
This argument is however incomplete. To decide whether the entropy is changing, one must specify the process through which it could do so. For instance, when we do work on a gas by very slowly compressing it, we have to specify if heat is exchanged with the surrounding medium. If not, the temperature and internal energy of the gas rises but the entropy stays constant. Similarly an adiabatic variation in α should change the mass of a charged black hole but not, by definition, its entropy. Accordingly, the first law of black hole thermodynamics should be extented to take into account the work done by varying α, i.e.
However, if α is dynamical, consistency requires that we work within the framework of some Brans-Dicke type of theory. This problem has actually been solved quite some time ago, at least for a certain class of dilaton black hole related to string theory. We believe that much of what we are saying here has been said before, see in particular [6] . We will focus on electrically charged, dilaton black hole solutions of the following string inspired 4-dimensional effective action [7, 8, 9 ]
however, due to the qualitative arguments presented above, we predict a similar result for any charged black hole where the value of α is set by a dynamical scalar field. We put no potential for the dilaton field φ and the asymptotic expectation value of the dilaton field φ 0 is a modulus field, with α = exp(2φ 0 ). A convenient parameterization of the black hole metric is [7] 
where τ → 0 − corresponds to asymptotic infinity and τ → −∞ corresponds to the black hole horizon. The usefulness of this parametrization lies in the fact that c = 2ST H where S = A/4 is the black hole entropy and T H is the Hawking temperature. Non-rotating electrically charged dilaton black holes can be characterized by their ADM mass M, electric charge Q and by φ 0 . We give the solution of the field equations for reference: and the dilaton charge Σ,
A nice relation between M, Q and Σ is [6]
which essentially states that for extremal black hole, c = 0, the attractive gravitational and dilaton channels are compensated by the repulsive electric one. Finally, the black hole entropy and temperature read
and
Comparing (1) with (3), we first see that the expression of the entropy is quite different depending on whether the dilaton is massless or if it is frozen, as in the Reissner-Nordstrom case. Despite this, repeating the argument of Davies et al, we would naively conclude that if α ≡ exp(2φ 0 ) increases, the entropy of the electrically charged dilaton black hole decreases, as in the Reissner-Nordstrom case. However this neglects the fact that the ADM mass is itself affected by a change in the asymptotic value of φ 0 . It can be proved using standard techniques [6, 10] that
so that the derivative of equation (3) with respect to φ 0 is zero and the correct form of the first law for non-rotating charged dilaton black holes is [6] 
This essentially completes our claim that for adiabatic variations of φ 0 (i.e. of α), the black hole entropy does not change.
For the case of a neutral black hole Q = 0 and therefore Σ = 0 and one recovers the Schwarschild solution with a constant dilaton field φ(τ ) = φ 0 and U = cτ . If we reinstate Newton's constant, the black hole entropy is then simply given by S = 4πGM 2 and is independent of φ 0 . It is illuminating to compare this result obtained from the Einstein frame action (2) to the expression one would find working in the Jordan or string frame. These two frames are related by the conformal transformation g
In the Einstein frame, the gravitational coupling constant is fixed (e.g. we set it to G = 1), whereas in the Jordan frame it depends on φ 0 . The two are related by
However, in the string frame, the mass of the black hole also depends on φ since the scale with respect to which masses are defined, i.e. time, is changing. In particular,
Note also that this implies that in the string frame the horizon radius and area also change as φ 0 varies. Nevertheless, in either frame,
and S is independent of φ 0 [11] . In this simple setting we can use a result derived by Jacobson [12] to consider the non-adiabatic case. If it is not infinitesimally small, any time variation in φ 0 represents a pulse of dilaton radiation which enters the black hole. The rate of change of the black hole mass in the Einstein frame is given by the flux of energy across the horizon
which is always positive as expected. That is the entropy of the black hole increases for non-adiabatic, in other words not infinitesimally slow, variations in the dilaton field no matter whether φ 0 is increasing or decreasing. Presumably this result can be extended to the charged dilaton black hole but we have not tried to do so.
